Recent suggestion and experimental indications that the magnetotail dynamics exhibit selforganized critical behavior have re-motivated interest in sandpile (avalanche) models. Some examples of specific interest for geomagnetic activity have the property that internal avalanches exhibit inverse power law statistics whereas systemwide avalanches have a welldefined mean. Here, we apply the concept of renormalization group to such a model. We demonstrate that invariant analysis based on the renormalization-group theory can explain the power law distribution of energy release by internal avalanches in the large-scale regime of these systems.
Introduction
It has been suggested that the Earth's magnetotail may be described by the stochastic behavior of a nonlinear dynamical system near forced and/or self-organized criticality (FSOC) [Chang, 1992 [Chang, , 1998 [Chang, , 1999 . There to substorm breakups. They found that the substorm associated events had a characteristic mean, whereas all other events showed power law probability distributions with index close to -1. Crucially the slope of this index is unchanged by the level of magnetospheric activity.
• top-hat probability distribution P(z•).
The system considered here is edge-driven. Sand is added to cell I at a rate g, and the length and time are normalized to this loading rate such that unit volume of sand is added in unit time. As soon as the critical gradient at cell i is exceeded, the sand is redistributed. That would allow one to find power law relations between these parameters and the scaling parameter about the fixed points. Once these power law indices are obtained, the behavior of the system near these fixed points can be understood, and useful information about the system may be extracted, such as the probability distribution of avalanche sizes.
The redistribution is instantaneous
Here, we shall demonstrate step-by-step how this procedure can be applied to the sandpile system described above.
Let us consider an ongoing avalanche propagating from cells k-1 to k in the sandpile system. We shall define 0k to be the conditional probability that this avalanche stops at cell k, given that it has already propagated there. The probability for this avalanche to reach k + 1 is thus 1-0k, and that for it to reach k+2 would be (1--0k)(1--0k+•). Now we coarse- L'=L/2, and Q'=2Q-Q2.
Near Q = 0, the last term in (7) The analysis above, however, has yet to explain the power law behavior for PE. Here we look for a relationship between AE and L for large-scale avalanches, and then determine the power law between PE and AE based on the results above. We recognize that the energy of the system, given by Eq. (1), scales as the system size N. When we renormalize, the length of the system is halved. One can thus write the renormalized energy as E' = El2. To find AE, we simply take the difference in total energy before and after the avalanche. Thus, AE' = (AE)/2. We recognize that AE and L are re- We should emphasize that the RG analysis above is quite general. I[ applies not only to one particular sandpile model. In fact, Eq. (10) is true for any finite model where Q << 1 near the edge. Hence, the analysis is also applicable to models of higher dimensions, as long as the property involving Q is satisfied.
Conclusion
We have demonstrated that the concept of RG can be applied to a class of sandpile (avalanche) models. The FSOC behavior demonstrated by this class of systems is of particular interest in the study of the magnetospheric dynamics; statistics of internal avalanches in the models exhibits two scale-free regions, whereas that of systemwide events has a well-defined mean. RG analysis has allowed us to explain the power-law relations that characterize the large-scale regime of internal avalanches in the sandpile systems. The analysis is quite general, and is applicable to other sandpile models, or perhaps even more complicated avalanche systems that exhibit FSOC. In more general applications, recursion equations such as (3) and (12)may include more than one parameter and more complex nonlinearity, leading to power-law relations other than -1.
